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I. Genesis of Project 
 This thesis project has been selected as an extension of experiments and research 
performed as part of the Spring 2006 Introduction to Chaos & Nonlinear Dynamics 
course (PH545).  The current work particularly relates to experimental work analyzing 
the dynamics of the double well chaotic pendulum and a final project surveying the 
magnetic pendulum.  In the experimental work, a basic understanding of the chaotic 
pendulum was developed, while the final project included a survey of the basic 
components of a magnetic pendulum system with particular focus on two specific 
experimental arrangements and the results obtained under these arrangements (8,12).  
The interest created by these two assignments led to a discussion with Professor 
Herczynski in which I proposed using the Magnetic Pendulum as a topic for both the 
final and senior thesis projects.  Thus, the previous preliminary examination of the 
magnetic pendulum served as preparation for the more intense experimental and 
theoretical analysis of a specific magnetic pendulum configuration that is being analyzed 
as part of the current full-year investigation.   
 
II. Survey of Existing Literature 
Since the behavior of magnetic oscillators was first observed, they have received 
the attention of numerous experimental and numerical studies.  This is partially due to the 
fact that under certain configurations, the magnetic pendulum serves as a model for the 
forced gravitational pendulum.  The magnetic pendulum is more versatile than the 
gravitational pendulum in that the direction and strength of the force can be adjusted.  
Thus, it is hoped that greater insight into the gravitational pendulum can be accrued 
through work with the more adaptable magnetic pendulum.  This goal first motivated the 
work of Croquette and Poitou (3), published in 1981.  Their paper proposed a simple 
system in which a compass was placed in a periodically oscillating magnetic field.  This 
device was found to exhibit both periodic and chaotic behavior under various 
configurations.  Qualitatively, Croquette and Poitou confirmed the existence of the period 
doubling cascade and experimentally determined the value of their stochasticity 
parameter (defined as 22 !µ IBs = ) at which the first bifurcation occurs.  This result 
was confirmed by Keith Briggs in 1987 (2). 
 In 1986, the work of Croquette and Poitou was extended by Meissner and 
Schmidt (11).  Meissner and Schmidt used a similar system to that of Croquette and 
Poitou, but theirs allowed for variable damping.  By varying damping as well as the 
magnetic field, Meissner and Schmidt were able to obtain the period-4 cycle.   
In 1987, Francis Moon et al used a variation of the magnetic pendulum to confirm 
the general theory that homoclinic orbits in a Poincaré map serve as predecessors to 
chaotic motion (12, 13).  This experimental arrangement consisted of a bar magnet 
oscillating in crossed fixed and periodically oscillating magnetic fields.  As explained 
later, this arrangement is similar to our setup for °= 90! .  Using this arrangement, their 
paper confirmed the proposed theory and discussed methods of numerical analysis of the 
system as well.   
Finally, in a series of papers in the late 1990s, Sang-Yoon Kim et al investigated a 
system in which a bar magnet was suspended within two sets of parallel Helmholtz coils 
(8).  One coil provided a steady magnetic field and the other provides an oscillating 
magnetic field.  This arrangement incorporated the fixed magnetic field of Moon et al 
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into a system very similar to that first investigated by Croquette and Poitou.  This system 
very closely modeled a forced gravitational pendulum and provided the researchers with 
the chance to obtain the period-2 cycle for various combinations of the parameters A and 
Ω referred to in Section IV and V.  Kim developed the relationship to the forced 
gravitational pendulum by citing many other papers (1, 9, 10, 15).  Also other sources 
were cited to clarify the mathematics employed in the numerical analysis (4, 5, 6). 
 Other completely different experimental arrangements were proposed as well.  
The most prevalent arrangement was that of a forced gravitational pendulum with a 
permanent magnet at its tip oscillating in a repulsive magnetic field produced by a fixed 
permanent magnet.  This arrangement produced a double well potential and led to some 
interesting results (13, 14).  However, these results closely mimicked that of the double 
well gravitational pendulum studied previously as part of PH545 so this experimental 
arrangement was not chosen here.   
 
III. Experimental Design 
After surveying and analyzing various experimental setups used previously, it was 
found that the arrangement used by Sang-Yoon Kim et al (8) promised the most versatile 
means of examining the behavior of the magnetic pendulum.  This was selected based on 
the fact that the apparatus was simple, providing us with what we judge to be 
experimentally interesting behavior.  Thus, reference (8) was selected as an inspiration in 
the experimental and theoretical analysis of this thesis project.  The experimental 
arrangement used by Kim includes a magnet suspended in two parallel magnetic fields: a 
constant magnetic field and an oscillating magnetic field.  This is achieved by suspending 
the magnet within two sets of Helmholtz coils.  These coils create a magnetic field when 
current flows through them.  Therefore, two parallel magnetic fields are created by the 
two sets of coils.  However, these two magnetic fields are not identical as a constant 
current is established in one set of coils while a periodic current is established in the other 
set of coils.  This arrangement closely models a gravitational chaotic pendulum and 
allows great freedom of investigation as both the constant and periodic forcing can be 
easily varied.   
 In this project, we achieve Kim’s arrangement through the adaptation of the 
rotational motion sensor used during PH545 to investigate a chaotic pendulum.  This 
sensor was used to record the behavior of the chaotic pendulum.  In our apparatus, this 
device was rotated so that the axis of rotation of the pendulum is vertical as in Kim’s 
arrangement.  Thus, this piece allows for the measurement of the angular position of the 
suspended magnet as a function of time.  However, this sensor also contributes internal 
friction, and nonzero moment of inertia which affect the motion of the suspended magnet.  
Measures were taken to account for this effect as discussed in Section V. 
 This project extends the previous work by including an additional degree of 
freedom to that of Kim’s arrangement by allowing for the rotation of the interior set of 
coils in which an alternating current is established.  This creates a situation in which the 
constant and oscillating magnetic fields can be at arbitrary relative angles.  Therefore, the 
dynamics of this system will include Kim’s arrangement as just one particular 
configuration.  Likewise, the arrangement used by Moon et al is attainable as one 
particular arrangement.  This allows for the investigation of the relationship of the 
bifurcation points to the relative angle of the magnetic fields.   
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During semester break, this conceptual design of the apparatus was realized.  The 
exterior larger set of coils has been selected through an adaptation of an existing set of 
Pasco coils.  These coils are of a diameter of 20cm and have 200 turns of wire.  
Therefore, it was necessary to find or make a second set of coils that could fit within the 
existing set of coils and have a comparable number of turns of wire.  In order to 
accompish this, a set of 11cm (exterior) diameter coils were made with 130 turns and to 
add mechanical strength to the coil, each layer of wire was coated in rubber cement and 
the entire coil was wrapped in electrical tape.   
The construction of these coils was unorthodox in that the cross-section of the coil 
was semicircular.  This created a situation in which the effective radius of the coils was 
not simply halfway through the thickness of the coils (as is the case for the Pasco coils 
and other coils having a rectangular cross-section).  Therefore, in order to determine the 
effective radius of the coils the center of mass of the semicircular cross-section was 
determined and added to the interior radius.  The center of mass was used because the 
location of this position also acts as the average position at which current flows through 
the coils.  The calculation of the position of the center of mass (
cm
y ) based on the 
equation of a circle is shown below: 
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where !  is the density of the coils.  Based on this calculation, the position of the average 
current flow through the coils was found to be expressed by 
0
3
4
rrreff +=
!
 where effr  is 
the position of the average current flow, r  is the radius of the semicircular cross-section 
of the coil, and 
0
r  is the interior radius of the coils as shown in the diagram below: 
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Thus, for these constructed coils, with semicircular cross-section cmr 8.=  and interior 
radius cmr 0.5
0
= , the cmreff 3.5= .  This calculated effective radius was found to agree 
with experimental measurement of the effective radius as discussed in Section V.   
Once these coils were produced, a method of firmly attaching the coils at a fixed 
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separation in such a way that the coils could be rotated in a measurable way had to be 
determined.   The specifics of this design were determined thanks to several discussions 
with Alan Vachon of the Boston College Scientific Instrumentation & Machining 
Services.  Alan suggested an arrangement in which two grooves were made in a nylon 
brick.  The two smaller coils would then sit in these grooves and held firmly in place 
using nylon screws.  The nylon brick would then be attached to a cylinder of PVC in such 
a way that the brick can be rotated to vary the angle of the interior magnetic field.  This 
angle would be measured using a needle attached perpendicularly to the edge of the nylon 
brick and a protractor that is fixed to the PVC between the PVC and the nylon brick.  
Finally, the PVC would be attached to the base to which the larger Pasco coils are 
attached.  The nylon brick was in possession of Machining Services and the cylinder of 
PVC and nylon screws were purchased.  During semester break, the parts were machined 
by Alan Vachon and assembled following some additional fine-tuning.  Below are 
images of the apparatus in both Kim’s and Moon’s configurations: 
 
 
 
This image shows the apparatus such that the magnetic fields are parallel to each other, as 
in Kim’s arrangement.  One can also observe the magnet suspended from the brass rod in 
the center of the arrangement.  The rod attaches to the rotational motion sensor out of 
view of this image.   
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This image shows the apparatus such that the magnetic fields are perpendicular to each 
other, as in Moon’s arrangement.  This configuration was easily obtained by simply 
rotating the inner coils.  Clearly, any angle between the two fields can be obtained.   
Once the coils were constructed and fixed in a position, the various possible 
magnets could be suspended.  Neodymium magnets were chosen due to their high 
magnetic dipole moment to moment of inertia ratio.  It was felt that by having the 
strongest available magnets, we would have the greatest chance of reaching the parameter 
ranges at which bifurcations occur as seen by Kim et al.  These magnets were attached to 
threaded brass rods using epoxy.  The rods could then be screwed into the rotational 
motion sensor.  This allowed for easy transition from one magnet to another during the 
calibration and measurement portions of this experiment.  Brass rods were chosen 
because brass is not magnetic.   
The system must be powered by a power supply and a function generator capable 
of producing the necessary constant and alternating currents, respectively.  The necessary 
currents are determined by the ratio of the magnetic moment of the selected magnet to its 
moment of inertia.  In order to increase the current flowing through each coil (and 
consequently increase the attainable range of parameters) the coils were wired in parallel 
to each other.  This arrangement minimized the resistance in the system, allowing for the 
maximization of current flow through the coils. 
 
IV. Theoretical Analysis 
 To complement the experimental work regarding the system described previously, 
theoretical analysis of the system must be completed.  This analysis was done by 
examining the equation studied by Kim et al.  In their work, they derived the following 
equation: 
 
                                           ( )[ ] 0sinsin =+++ !"µ!! tBBbI
acdc
&&&                                  [2] 
 
where I is the moment of inertia, θ is the angle between the magnet and the magnetic 
field, b is the damping parameter, µ is the magnetic moment of the magnet, Bdc is the 
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strength of the constant magnetic field, Bac is the amplitude of the oscillating magnetic 
field, and ω is the frequency of the oscillating magnetic field.   
The nondimensionalization of this equation leads to: 
 
                                       ( )[ ] ( ) 02sin2sin22 2 =+!++ xtAxx """"#&&&                                 [3] 
 
where !" Ib= , !" 2=x , !!
0
=" , IB
dc
µ! =
0
, and 2!µ IBA
ac
=  where 
!" 2=  in Kim’s work. 
Equation [3] was then found to agree with the nondimensionalization of the standard 
equation describing a gravitational pendulum subject to oscillatory forcing of the form: 
( )ta !! sin2 .  The governing equation of this system is: 
 
                                          ( )[ ] 0sinsin2 =+++ !""!! tagmlbI &&&                                    [4] 
 
When [4] is nondimensionalized, equation [3] is obtained.   
 After analyzing the governing equations used by Kim, a new set of governing 
equations had to be determined to describe the adapted system of this project.  These new 
governing equations must express the added rotational freedom of the system.  Therefore, 
it had to be decided whether the coil receiving the constant current or that receiving the 
oscillating current would be rotated.  We decided, for simplicity, to separate the time 
dependent and rotationally dependent terms in the equations by choosing to rotate the set 
of coils in which a constant current is established.  The governing equations of this 
situation are shown below: 
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where !  is the angle between the oscillating magnetic field and the steady magnetic 
field, effectively a new parameter for the problem.   
These equations reduce to those used by Kim et al when the coils are not rotated 
at all; that is to say that when 0=! , equations [5] and [6] agree with equations [2] and 
[3].   
It is also to be expected that under the proper conditions these equations should 
reduce to those used by Moon et al. Moon’s configuration represents situation in which 
the steady and alternating magnetic fields are perpendicular to one another.  Based on this 
arrangement, the following two equations were derived: 
 
                                   ( )[ ] 0sinsincos =+++ !"!µ!! tBBbI
acdc
&&&                                  [7] 
                             ( ) ( )[ ] ( ) 02sin2sin2cos22 2 =+!++ xtAxxx """""#&&&                            [8] 
 
where the variables are defined and the nondimensionalization proceeds as in Kim’s 
arrangement.  As expected, it is seen that this equation is the reduced form of equation [5] 
- 8 - 
when °= 90! . 
 
V. Calibration of Experimental Apparatus 
 Following the construction of the apparatus, it became necessary to calibrate the 
system in order to confirm that the expected behaviors of the system were, in fact, 
occurring.  This calibration involved measurement of the magnetic fields produced by 
each set of coils and determination of the ratio of the magnetic moment of several 
magnets to their moments of inertia.  The data collected during this calibration process 
was then applied to determine the attainable range of parameters and the necessary steady 
and alternating currents to reach the desired range of parameters.   
 In order to effectively measure the magnetic fields, the Teachspin Hall Effect 
Probe was used.  However, before using this Hall Probe, it was necessary to calibrate it.  
This calibration was done using the Pasco coils and a calibrated gaussmeter.  By using 
the uniform Pasco coils, the expected magnetic field could be predicted accurately by the 
following equation: 
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where 
0
µ  is the constant of permeability, i is the current flowing through the coils, N is 
the number of loops of the coil, and r is the radius of the coil.  This prediction could then 
be measured by the gaussmeter to confirm agreement between the predicted and 
measured fields.  Finally, the measurement was made using the Hall Probe.  By 
comparing the data measured by both methods and the predicted magnetic field, a 
calibration equation could be determined for the Hall Probe.  This equation and that 
expressing the measurements made by the gaussmeter could be compared to the values 
obtained from equation [9].  These three reduced equations for the Pasco coils are listed 
below: 
 
                                                        Predicted: iB 713.1=                                               [10] 
                                         Measured by Gaussmeter: iB 72222.1=                                [11] 
       Measured by Hall Probe: iB 7219.1=                                  [12] 
 
where B  is the magnetic field produced and i  is the current through the Pasco coils.  
Similarly, the same process was followed to determine the calibration equations for the 
constructed coils.  However, in this calculation, the measurements of the calibrated Hall 
Probe were used to measure the effective radius of the constructed coils to confirm the 
accuracy of assuming a semi-circular cross-section.  Based on these measurements, the 
effective radius was found to be 5.2cm, which was similar to the previously calculated 
5.3cm.  This measured effective radius was then used to determine the equation 
expressing the predicted magnetic field.  The three expressions for the constructed coils 
are listed below: 
 
       Predicted: iB 2578.2=                                             [13] 
                                          Measured by Gaussmeter: iB 2071.2=                                 [14] 
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                   Measured by Hall Probe: iB 2372.2=                                 [15] 
 
where B  is the magnetic field produced and i  is the current through the constructed 
coils.  These expressions confirm a good agreement between the predicted and measured 
magnetic fields produce by both sets of coils.  Based on the calibration performed, the 
expressions based upon the Hall Probe measurements were used throughout the 
remainder of the experiment. 
 Once the magnetic field was accurately measured, the effective ratio of the 
magnetic dipole moment to the moment of inertia of the magnet could be determined.  
This ratio incorporated the true moment of inertia including that of the rotational motion 
sensor and rod on which the magnet was mounted.  This value was calculated after a 
series of measurements of the natural frequency of the oscillations of the magnet in 
constant magnetic fields of varying strengths.  Plots of the frequency versus the magnetic 
field could then be produced for the experimental and predicted results.  These curves 
were consistently different, suggesting that the prediction did not account for the true 
values of the moment of inertia or dipole moment.   Based on the natural frequency 
measured at each point, the experimental ratio could be determined for each trial based 
on the following equation: 
 
                                                                   
dc
BI
2!µ
=                                                       [16] 
 
This value remains constant so an average value was taken as the accepted ratio for each 
measured magnet and substituted into the predicting equation.  When this was done the 
curves were found to collapse to agree to each other, indicating that the true ratio was 
calculated.  Below is a table comparing the measured ratios for our magnets compared to 
that of Kim: 
 
Ratios of Magnetic Dipole Moment To Moments of Inertia 
Magnet Ratio 
I
µ  (G-1s-2) 
D68 .744 
D4C .198 
D6X0 .341 
D3X0 .140 
D3C .117 
Kim’s 2.542 
 
As one can see, there is a difference between the ratio obtained by Kim and that of the 
various magnet configurations available in our arrangement with a minimum difference 
of approximately a factor of 4.  This discrepancy is significant in that it limits the 
parameters available to the system as described later.   
 During the measurement of the natural frequencies associated with specific 
constant magnetic fields, several oscillations of the magnet were observed.  In this 
observation, one could see that the system exhibited the usual exponential decay of 
- 10 - 
oscillation amplitude associated with an underdamped situation.  This can be observed in 
the plot included below: 
Amplitude Change Over Time
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By fitting an exponential curve to a plot of the amplitude of oscillation versus time, one 
could determine the damping constant !  associated with the system based upon the 
following equation: 
 
                                                                teAA !"=
0
                                                        [17] 
 
where A  is the amplitude of oscillation and 
0
A  is the initial amplitude.  The value 
determined then be compared with the values associated with both Kim’s and Moon’s 
arrangements, as shown in the table below: 
 
Values of Gamma Associated With Experimental Configurations 
Configuration !  
Current Experiment .5929 
Kim et al .1 
Moon et al .5 
 
As one can see, our measured value of gamma was significantly larger than that of Kim 
and similar to that of Moon.  This will result in a shifting of the bifurcation points from 
those predicted by the work of Kim as the point at which instability occurs will take a 
higher value of the associated parameter (8).   
 During the measurement of the natural frequencies, it was also observed that the 
frequency increased with current with a square root trend.  This was to expected based 
upon the theoretical equation 
I
B
dc
µ
! =
0
 where 
dc
B  is linearly dependent on current.  
Therefore, as expected, a plot of the natural frequency versus current followed a square 
root curve as shown below: 
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Comparison of Frequencies of Oscillation
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 Upon realizing the significant discrepancy between the ratios of Iµ  associated 
with our magnets and that used by Kim, an attempt was made to determine the effect that 
the moment of inertia of the rod and rotational motion sensor were having on our 
measured value.  Therefore, the frequency measurements were repeated by hand with the 
rod and rotational motion sensor eliminated from the system.  This was achieved by 
mounting the magnet on a thin thread that allowed it to hang in the same position as that 
achieved using the rod and motion sensor.  A small current was then allowed to flow 
through the Pasco coils (so that the frequency of oscillation was small enough to be 
counted) and the magnet was displaced slightly.  A specific number of oscillations was 
then counted while the amount of time passed was measured.  Based on these 
measurements, the period and then frequency of oscillation could be determined.  This 
process was performed for magnet D68.  Based upon the measurement by hand, the ratio 
of magnetic moment to moment of inertia was found to be 1.750G-1s-2.  This value can be 
compared to the value measured with rod and rotational motion sensor (.744G-1s-2) and 
that of Kim’s arrangement (2.544G-1s-2).  The first comparison points out that the 
moments of inertia of the rod and rotational motion sensor have a significant effect as the 
effective ratio is more than cut in half from the arrangement without these pieces.  The 
second comparison shows that the magnets used in our arrangement have a much lower 
ratio than that of Kim’s arrangement and that we cannot obtain Kim’s value by 
eliminating or improving our configuration.  Thus, as mentioned earlier, the ranges of 
parameters available to us vary from those available to Kim’s configuration. 
 The nondimensional parameters governing this experiment are given by the 
following expressions: 
 
                                                          
2!
µ
I
B
dc="                                                            [18] 
2!
µ
I
B
A
ac=                                                              [19] 
 
In these expressions, one can clearly observe the role that each variable previously 
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discussed plays.  As mentioned, our arrangement has a lower ratio of Iµ  than that of 
Kim’s arrangement and limited ranges of current available.  This initially made the values 
of the parameters used by Kim inaccessible to our system.  In order to rectify this issue, 
we searched for power supplies with sufficiently high currents and voltages.  Both high 
current and voltage were needed to combat the significant resistance in our coils.  We 
were unsuccessful in obtaining the desired power supplies so it was necessary to reduce 
the driving frequency from that chosen and fixed by Kim.  This variation allows us to 
obtain ranges of the parameters comparable to those of Kim (0.2 < Ω < 1.025; 0.090 < A 
< 0.288) so that the bifurcation point observed by Kim (at Ω = 0.4; A = 0.215) can be 
obtained under our configuration.  The system is powered by a GW Laboratory DC 
Power Supply (Model GPS-1850) to provide the constant current and a Hewlett Packard 
Variable Phase Function Generator (Model 203A) to provide the alternating current. 
 
VI. Experimental Results 
 To begin the experimental work, we chose to use the D6X0 magnet.  This magnet 
was found to be responsive to both the constant and alternating magnetic fields present in 
our experimental configuration.  Thus, it was concluded that this magnet gave the best 
opportunity for obtaining oscillations over a wide range of parameters.  Initially, the 
apparatus was set in Kim’s arrangement ( 0=! ). 
 Once the configuration was chosen, an alternating magnetic field was applied to 
the magnet in order to allow for the observation of periodic motion.  With only an 
alternating magnetic field applied it was predicted that the magnet would simply oscillate 
at the driving frequency if the frequency was low enough to allow for the magnet to keep 
up with the driver.  If the driving frequency was not sufficiently small, the magnet would 
be forced to flip in the opposite direction before it had completed the swing.  This would 
create a superposition of motions that would not necessarily be periodic.  For the “ideal” 
driving frequency, the magnet would be allowed to oscillate a full 180° before being 
driven in the opposite direction.  This arrangement would result in periodic motion that 
matched the driving frequency.  This result can be seen in the plot below where the 
magnet oscillates at .492Hz when driven at .491Hz:  
 
 
 
 After observing this type of motion without applying a constant field, several 
combinations of constant and alternating magnetic fields were tried.  The goal of this task 
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was to determine a combination of fields for which a period-2 oscillation could be 
obtained.  Once the existence of this cycle was confirmed, the driving frequency and 
constant field could be fixed and the alternating field could be varied to determine the 
point at which various cycles existed.  Thus, Ω could be fixed at a point such that period-
2 motion was accessible and A could be varied to determine the parameter combinations 
for period-1 and period-2 oscillation.  This approach was successful in allowing for the 
observation of stable fixed points, periodic motion, and period doubling. 
 Based on the previous experiments, Ω was fixed at 0.039 and A varied from 0.043 
to 0.075.  This range of A was chosen because for smaller values the magnet was found to 
not be responsive to the oscillating magnetic field.  By cycling through A in this 
arrangement it was found that the motion simply damped to a fixed point in which the 
magnet aligned itself with the constant magnetic field for low values of A (0.043 < A < 
0.067).  In this regime, the restoring torque provided by the constant magnetic field 
overpowered the driving torque of the oscillating field.  Thus, the motion quickly damped 
out to remain fixed at the expected point.  This motion can be observed in the plot below: 
 
 
 
In this plot, the magnet was allowed to oscillate with the alternating magnetic field until 
the overpowering constant field was applied (at st 13! ).  Upon the application of the 
constant field, the magnet quickly aligned itself with the constant field after only a few 
oscillations.  
 However, upon increasing A it was found that periodic motion could be obtained.  
Periodic motion was found to exist over a small range of A (0.067 < A < 0.075).  In this 
range, when the constant magnetic field was applied, the oscillations changed but did not 
simply damp out to the fixed point.  Instead, oscillations continued at a smaller 
amplitude.  This can be observed in the plot below: 
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As one can see, oscillations continued following the application of the constant field and 
the amplitude of these oscillations remained relatively constant.   
 Finally, for higher values of A (0.075 < A) period-2 cycles were found to exist.  In 
this range, when the constant magnetic field was applied, the motion quickly settled into 
oscillations of alternating amplitudes as can be observed in the plot below: 
 
 
 
In this plot, it is very clear that the period-2 cycles is present immediately following the 
application of the magnetic field.  The period-2 cycle then decomposes for a period of 
time to return at the end of the plot.  The existence of the period-2 cycle can be clearly 
seen in the closer view of this plot shown below: 
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This plot demonstrates the trademark alternating amplitudes seen in period-2 oscillations.  
Also, one can see that the shape of each peak is qualitatively similar, confirming the 
periodicity of this motion.  Furthermore, qualitative observation of the motion recognized 
the characteristic alternating “short” and “long” oscillations associated with period-2 
motion.  The existence of this behavior was confirmed through repetition of the run under 
the same parameters.  In each of these cases, there are moments of period-2 motion that 
can clearly be seen but the period-2 motion does not persist. 
 The behavior observed in various ranges of the parameter A is summarized in the 
table below: 
 
Summary of Behavior of Magnetic Pendulum for Varying A at Ω=.039 
Values of A Behavior Observed 
0.043 < A < 0.067 Damped to Fixed Point 
0.067 < A < 0.075 Periodic Motion 
0.075 < A Moments of Period-2 Motion 
 
 After investigating Kim’s configuration, the rotational degree of freedom was 
utilized to investigate Moon’s arrangement ( °= 90! ).  This arrangement eliminates the 
existence of stable fixed points so periodic motion can be obtained lower values of A.  As 
before, it was found that the period-1 cycle matched the frequency of the driving varying 
magnetic field.  Below is an example of this behavior where the driving frequency of 
1.70Hz is matched by the magnet oscillating at 1.69Hz ( 025.=! , 008.0=A ). 
 
 
Unfortunately, due to time constraints period-2 and higher cycles could not be obtained.  
However, it is hoped that in the future this arrangement and others at different angles will 
be investigated using the constructed apparatus.   
 
VII. Summary 
Within this arrangement, bifurcations in the forced magnetic pendulum could be 
observed through the variation of the parameters Ω and A.  By fixing the value of Ω and 
varying A through the critical values the progression from fixed point to periodic motion 
to period-2 motion could be clearly observed (though period-2 motion could not be 
sustained).  However, the critical values of the parameters at which these changes in 
motion occur do not agree quantitatively with those previously found by Kim et al.  This 
lack of quantitative agreement prevents verification of the existence of the period-2 
motion, but the consistency of the period-2 motion for several oscillations strongly 
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suggests its existence.  As previously discussed, there are many discrepancies between 
the apparatus used in this experiment and that of Kim’s previous work, including the 
damping.  Therefore, it can be concluded that these variations caused our system to differ 
quantitatively from that of Kim, while producing qualitatively similar results.  Thus like 
the work of Kim, this experiment confirmed the existence of period-doubling bifurcations 
in the magnetic pendulum.  In order to work toward qualitative agreement and to further 
utilize the additional degree of freedom previously discussed, we plan to continue 
working on this experiment in the future.    
- 17 - 
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